A model, applicable at high-strain rate, is presented for the shear modulus and yield strength as functions of equivalent plastic strain, pressure, and internal energy (temperature). The parameters needed to implement the model have been determined for 14 metals. Using this model, hydrodynamic computer simulations have been successful in reproducing measured stress and free-surface-velocity-vs-time data for a number of shock-wave experiments.
I. INTRODUCTION
In hydrodynamic computer codes, e.g., KO or HEMP, I stress-tensor components are split into a hydrostatic equation of state and a modified elastic-perfectly plastic constitutive model. In one modification, the yield strength Y (in the Von Mises sense) increases with increasing plastic strain. Models of this effect, called work hardening, have been proposed previously. For example, Wilkins and Guinan 2 have described a work-hardening model for OFHC copper and 6061-T6 aluminum.
However, Yand the shear modulus G also increase with increasing pressure and decrease with increasing temperature. It is the purpose of this paper to describe our modifications to the elastic-perfectly plastic constitutive model that account for the effects of pressure P, temperature T, and equivalent plastic strain E, on Yand G, and to determine the parameters needed to implement this model for 14 metals.
While Yalso increases with increasing strain rate E, it does not seem reasonable to expect it do so without limit.
Therefore, we assume that a value of E exists beyond which strain rate has a minimal effect on Y. To check this assumption, we examined experimental shock-induced free-surfacevelocity-vs-time records. This examination showed that rate-dependent effects appear to playa major role in determining the shape of these shock-wave profiles at stresses of a few gigapascals. However, at stresses approaching 10 GPa, these effects become insignificant and the data can be successfully reproduced with a rate-independent model. In terms of E, these data indicate that our assumption of a rateindependent constitutive model is valid for E:; 10 5 S·I.
The rapid decrease of rate-dependent effects with increasing dynamic stress may be explained by the increase in temperature with increasing stress. In liquids, rate-dependent effects, such as viscosity, appear to decrease exponentially with temperature 3 ; a similar strong temperature dependence may exist for rate-dependent effects in shocked solids.
While there are extensive data showing the pressure and temperature variation of G, there are no such definitive data for Y. However, for materials that do not exhibit strainrate dependence, Y is expected to be proportional to G; i.e., Y /G is a constant. Generally, Y /G decreases with temperature at a rate directly related to E, but with less temperature dependence at higher E. However, the assumption that Y /G is a constant is consistent with the neglect of strain-rate effects. The intimate connection between the T and t dependences of Y /G requires that both be included in any selfconsistent treatment; consequently, the temperature dependence of Y is assumed to be the same as that of G. These points are further discussed by McClintock and Argon. 4 In addition, the recent data of Gathers and Walton s on the radial collapse of electrically heated hollow tantalum rods in an isobaric environment show Y (T) to be consistent with this assumption.
Experimental evidence indicates that Y may increase more rapidly with pressure than does G.6-13 However, the accuracy of these data is not sufficient to warrant using a form for the pressure dependence of Y that is different from that used to represent the pressure dependence of G. Indeed, recent theoretical and experimental evidence indicates that
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Yo dP 0 -Go dP 0 ' 14 In Sec. II, we describe our constitutive model and show that it is reasonably consistent with the known data. In Sec. III, the parameters needed to implement the model are listed for 14 metals. In Sec. IV, hydrodynamic computer simulations using this model are discussed. These were successful in reproducing measured stress and free-surface-velocityvs-time records for a number of shock-wave experiments.
II. THE CONSTITUTIVE EQUATIONS
The constitutive relations for G and Yas functions of E, P, and T for high E are (2) subject to the limitation that
Here, 1/ is compression, defined as the initial specific volume Vo divided by the specific volume v, /3 and n are work-hardening parameters, and E j is the initial equivalent plastic strain, normally equal to zero. The subscript 0 refers to the reference state (T = 300 K, P = 0, E = 0). Primed parameters with the subscripts P and T imply derivatives of that parameter with respect to pressure or temperature at the reference state. Because many hydrodynamic computer codes such as KO or HEMP operate with energy E rather than temperature, T is defined as the difference between the total energy and the energy along the zero Kelvin isotherm Ec(1]), divided by the specific heat of the solid C; i.e., -a (4) and is equal to the energy along the 300 K adiabat minus the energy corresponding to the temperature along that adiabat. In the first term, P (1]) is the pressure along the 300 K adiabat and is determined from the equation of state. Along an adiabat, y = -a InT /a Inu at constant entropy. We have followed Royce 15 and chosen a thermodynamic lattice gamma of the form y = Yo -a(l -1/1]), where Yo is the value ofyat the reference state and a is the coefficient of first-order volume correction to y. Integrating yover u and multiplying by C results in the second term in Eq. (4) . The specific heat Cis assumed to be 3Rpol A, where R is the gas constant, Po is the initial density, and A is the atomic weight. In Eq. (4), the energy is zero at T = 300 K and 1] = 1; therefore, at 1] = 1,
At low pressures (Ps. 2 GPa), experiments show that G these cases, either G is nearly linear with Tor at least the rate of change of G with T is not substantially greater at T rn than at lower T. For some materials, such as alpha uranium, a T2 term is definitely needed to accurately reproduce the data. However, because the temperature-dependent term in Gis typically -10% of the pressure term, we assume that an average linear dependence up to T--..,T rn will suffice in Eq.
(I) for all materials. For the reasons given in Sec. I, this form of temperature dependence has also been applied to the yield strength.
The work-hardening function [I + /3 (E + E,)]n is a semiempirical one that appears to do the best overall job of fitting the data for our 14 metals. Ifhigh -i data were lacking, we used the highest -i or the lowest-temperature data that was felt to most nearly approximate dynamic conditions. In some cases, such as stainless steel or Be, this twoparameter form fits the data very well over a wide range of E. In other cases, notably uranium, a compromise fit was necessary to do a reasonable job over a modest variation in E. This work-hardening model is consistent with the work of Wi 1-kins and Guinan 2 and Honodel,20 who determined the yield strength of many materials through computer simulation of cylinder-deceleration experiments. Average i for their experiments was _10 5 S-I.
Some materials, notably U and Cu, are extremely sensitive to their previous mechanical history. The yield strength of annealed U is zero,21 while in shock-wave experiments Yo has varied from 0.4 to 1.1 GPa. 11 We have assumed that any material will follow a unique work-hardening curve; therefore, prior treatment, e.g., rolling or machining, will result in the material's being at a higher initial stress level at an effective equivalent plastic strain of E,. Our uranium parts, as used in a variety of experiments, were in a highly worked state. Therefore, setting E, = 0.0375 gives Yo = 0.8 GPa, which corresponds to the Yo we most typically observed.
It is necessary to have some means of turning off material strength at melt, but the discussion of melt models is outside the scope of this paper. However, for the sake of completeness, in Appendix A we will describe a melt model that is in several of our hydrodynamic computer codes. The parameter Go has been determined principally from an appropriate average of single-crystal data and, therefore, should represent the best values available for isotropic polycrystalline materials. However, some properties of materials strongly depend on production and handling techniques. If an accurate value of G is needed for a material known to have a preferred orientation, then ultrasonic measurements should be made on that specific material. For example, Go for the typical uranium parts that we used in our gas-gun experiments is 86.7 GPa; consequently, this is the preferred value. Even so, it lies within the bounds of appropriately average single-crystal data. The parameter ~) was determined from Hugoniot elastic-limit data whenever such data were available. This ensures that Eqs. (I) and (2) are censistent with measured elastic-wave speeds. As was the case with the work-hardening function, if high -i data were lacking, we used the high. est -i or the lowest-temperature data that was felt to most nearly approximate dynamic conditions.
III. NUMERICAL VALUES fOR THE PARAMETERS IN THE CONSTITUTIVE RELATIONS
The parameter Y max is the largest value for Y in the literature. In some cases, it is for small-diameter hard-drawn wire or for material grossly deformed in shear. 23 Therefore, in most applications, it is unlikely that E will become large enough for Y to reach Y max at atmospheric pressure.
For stainless steel, G ~ was determined from the data of Wolf2 4 and Isbell, et al. 25 using the method outlined by Guinan and Steinberg. 22 There are insufficient work-hardeningdata to uniquely determine/3and n for Nb, Ta, and W. However, because body-centered cubic metals do not show much work hardening, we assumed tht n/3 = I, a relationship that can be derived from our work-hardening function under the assumption that Yat the ultimate tensile strength is equal to Yat the Hugoniot elastic limit. Guinan and Steinberg 22 give a complete list of values of Yo for elemental metals. However, for those metals with large electronic specific heats at room temperature, we recomputed Yo using better data for these specific heats.
IV. COMPARISON WITH EXPERIMENTAL STRESS AND fREE-SURfACE-VELOCITY DATA
To most clearly show the effects of the independent variables, P, T, and E on the calculated wave profiles, it is necessary to do experiments at high enough stress levels that these effects become readily apparent. At the same time, the stresses should not be so large that a two-wave structure no longer exists, for the effect of any constitutive model is most apparent at low stresses where the stress deviator is a large fraction of the total stress. At higher stresses, when the plas· tic wave has overtaken the elastic wave, the presence of elastic-plastic behavior can only be seen during stress release. Because of the interactions between the various elastic and plastic waves near the surface where the stress release originates, the elastic-plastic effects are never as clear as they are on stress loading.
The ideal sample material is therefore one with a large yield strength at the Hugoniot elastic limit and also one which exhibits significant work hardening. In addition, the material should have large P and T coefficients. This means large G;' and G~, but also a small Go. However, relative to the bulk modulus, Go should be large so that there will be ample separation in time between the elastic and plastic waves. It is difficult to find a metal that meets these criteria. For example, copper work hardens significantly, but its initial yield strength is very small. On the other hand, tantalum has a large Yo, but work hardens only slightly.
The metal we know that best meets these requirements is alpha-phase plutonium. Alpha-plutonium has the largest known value ofG ;'/G o and G ; ',29.30 as well as a large G ~ 31 0. 30 ,--,----,,----,1----,1----,1-----,   0.30 ,----,,----,----,1---,---,----- and significant work hardening. 32 Go is also equal to 82% of the bulk modulus, an atypically large percentage. Our material sciences group has performed 10 experiments on alphaplutonium at stresses between -3 an 12 GPa. To avoid any bias that might exist with a single kind of detector, both Manganin and capacitor-gauge instrumented experiments were performed.
In calculating these experiments, each principal feature of the wave profiles was predominately affected by specific terms in Eqs. (1) and (2) . The difference in the arrival times of the elastic and plastic waves Lit is an extremely sensitive test of any model hydrodynamic calculation. Lit is strongly affected by work hardening and by the pressure dependence of Y. The same is true for the maximum stress. On the other hand, the arrival time of the release wave is affected principally by the pressure dependence of G.
Using independently determined parameters in the constitutive model and a Griineisen hydrodynamic equation of state, Li t was calculated for several experiments at -6 and 12 GPa. The results were essentially indistinguishable from the measured data. If work hardening and the pressure dependence of the yield strength were omitted from the model, the calculated Li t was approximately twice the experimental value. At 12 GPa, when the temperature dependence was omitted, the calculated and experimental Lit differed by amounts greater than the experimental error.
Finally, the parameter G p/G o is so large for alpha-plutonium that the effect of pressure on G can be clearly seen even at stresses as low as 3 GPa. Only by including this pressure dependence could we calculate the arrival time of the initial release within experimental error.
After a-Pu, the metals most likely to show the effect of P, T, and £ on Yand G are aluminum and magnesium. We are fortunate that shock-release data on Al have recently become available. 27 In this experiment, a 2.441-mm-thick 6061-T6 Al flyer backed by an -25-mm-thick polycarbonate sabot impacts a 6.007 -mm-thick 6061-T6 Al target at a velocity of3.82 mml,us. A PMMA window, -25 mm thick, is placed against the free surface of the AI. A velocity interferometer monitors the motion of the AI-PMMA interface as a function of time. Peak stress is about 41.2 GPa.
The experimental data are shown in Fig. I . In addition, Fig. 1 illustrates the effect of adding to the calculation, stepby-step, the various P -, T -,and £-dependent terms of the constitutive model. We have used a Griineisen equation of state with a shock-velocity-particle-velocity (u, -up) equation u, = 0.524 +1.40u p cml,us.2H The form of the Griineisen gamma was described in Sec. II, and the parameters Yo and a are given in Table I . Figure lea) compares the experimental data with a pure-fluid calculation. The elastic release, extending from about 1.0 to 1.2,us, is entirely lacking in the calculation.
Figure I (b) shows the effect of adding a simple constitutive model to the calculation. Here Yand G are constants equal to 0.29 and 27.6 GPa, respectively. Neither the starting time nor the magnitude of the elastic release is correctly calculated. Even the addition of work hardening does not bring the calculation into accord with the data [ Fig. I(c) ]. Figure led) shows the effect of adding pressure dependence to the shear modulus. The onset of the calculated elastic release is now in good agreement with experiment. By adding this pressure dependence to the yield strength we can also calculate the magnitude of this release, as shown in Fig.  lee) . Finally, in Fig. l(t) , we see the effect of adding temperature dependence to both G and Y. The time scale is sufficiently expanded so that one can see the small improvement in the calculated starting time of the elastic release; the effect on Y is not apparent on the pressure scale used.
At peak stress, the calculation shows that the independent variables, P, T, and £ are 40.4 GPa, 1,060 K, and 0.173, respectively. This results in a yield strength of 1.16 GPa.
In order to calculate the shape of the elastic release correctly, we need to add the Bauschinger effect to our constitutive model. The Bauschinger effect is that elastic-plastic materials behave differently upon stress unloading and reverse loading than when they are stress loaded. The Bauschinger model we use has been described in another paper from our material studies group.26 Consequently, a complete discussion of it is outside the scope of this paper. A brief description is given Appendix B.
In Fig. leg) , a version of the Bauschinger model, which requires only Go as an input parameter, has been added to the calculation. The agreement with the experiment is probably well within the accuracy of the data. However, an adjustment was made to G I (see Appendix B for definition), setting it equal to -three-fourths of Go, or 0.200. This results in the small improvement shown in Fig. l(h) .
Figure l(h) also shows that we calculate the final stressrelease state set by the polycarbonate sabot, yet we miss the timing there by -50 ns or 3.6%. This is well outside the estimated experimental error which is ± 10 ns. Considering that we are able to calculate the elastic release so exactly and are able to reproduce complete release profiles for other experiments, it is surprising that the plastic release is not reproduced so well.
In an attempt to improve the agreement between our calculation and the data, we made major changes in the equations of state of the sabot and the window materialseven removing the sabot from the problem-all with negligible effect. We also made reasonable variations in the aluminum equation of state, such as the u, -up equation, the Griineisen gamma, and the constitutive model itself, yet we could make no significant changes in the calculated plastic release. In addition, a strain-rate-dependent constitutive model, which calculates other experiments at lower stress levels, was tried without success.
The explanation may lie with the experimental data. For example, the passage through the PMMA window of the elastic release may influence the measurement of subsequent waves by changing the optical properties of the window. In addition, the dip in the experimental interface velocity at 1.4 ,us does not seem physically reasonable.
V.SUMMARY
In order to calculate the relative timing between various waves in a shock-wave experiment, the pressure and temperature dependence of the shear modulus must be accounted for in any elastic-plastic constitutive model. Our model does this by including, over a wide range of P and T, the considerable experimental and theoretical information regarding G.
While there is less information regarding the yield strength at high stress, we have used the available experimental data at low stress, along with reasonable extrapolation models, to improve our ability to predict Yat high P and T.
At high stress, the effect of P and Ton Y can be even more important than work hardening. For example, aluminum shocked to 41.2 GPa shows that the combined effect of P and T is to increase Yby a factor of -3, while work hardening only increases Yby -37%.
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APPENDIX A: MELT MODEL
We use an expression for the melt energy Em (1]), taken from the GRAY equation of state, 15 which is based on a modified Lindemann law. Though there are no adequate data on shock-induced melting to help verify the model, it at least has an accepted theoretical basis.
We have simplified the GRAY model by assuming that there is a single melting line and that electronic contributions to Ern (1]) are negligible compared to lattice contributions. Therefore,
where T rnO is the melt temperature at 1] = 1.
Experimental data show that G drops abruptly at melt from -! Go to zero. 17 . f8 However, because there are no similar data for Y, it is assumed to behave the same as G. Therefore, when E exceeds Em (1]), Yand Gboth become zero.
To minimize computer running time, Eqs. (4) and (Ai) can be rewritten as simple polynomial functions of 1].
APPENDIX B: BAUSCHINGER MODEL
An ideal work-hardening elastic-plastic material behaves elastically with shear modulus Go until it yields; then, at increasing stress levels, plastic flow occurs. When the direction of strain is reversed, the release path is again elastic until reverse yield occurs at the previous yield value. Although most metals load in an approximately ideal way, many show some departures, known as the Bauschinger effect, from the ideal unloading and reverse-loading curves. There are two important aspects of the Bauschinger effect. The first is that the release path is not elastic; the second, that the reverse flow stress does not reach the ideal yield value until considerable reverse flow has occurred. Thus, the actual release path may differ significantly from the ideal elasticplastic release path. In the ideal case, plastic strain is totally irreversible, while elastic strain can be recovered. The Bauschinger effect removes this clear distinction. The Bauschinger effect can be attributed to dislocation interactions, formation of slip bands, twinning, or anisotropic grains. Whatever it may be, we wish only to find a reasonable way to represent the unloading paths.
A series of quasistatic measurements was conducted on 6061-T6 aluminum 56 using a specially designed apparatus that subjected the test samples to uniaxial stress. 57 The samples were initially loaded to strains of 1,5, and 10% in both tension and compression; however, the behavior was identical for both cases. Data obtained for initial tensile loading were reduced to true deviator stress S I versus deviator strain
To avoid the considerable complications in a description involving a Bauschinger yield model, the data were analyzed in terms of an effective shear modulus,26 allowing retention of the work-hardening yield model unmodified. The raw data are sufficiently precise to be differentiated. We can define an effective shear modulus as Figure 2 is a plot of G elf normalized to Go versus S/S;nax, where S ;nax is the maximum value of S I upon loading. S ;nax is related to the yield stress when unloading begins; it is twothirds the yield strength in uniaxial strain. Within the scatter there appears to be a single curve for all three experiments. We do not maintain this interpretation is unique, but it does lead to a very simple model.
We generalize from the ideal elastic-plastic release path, with a constant shear modulus, to a curved path described by the variable effective shear modulus, Gelf(Sf/s;nax). If we maintain the yield model unmodified, this argument is bounded by ± 1. G elf is approximated by two linear splines (see Fig. 2 ). Therefore, to specify the path, only three values of G elf need to be given. These are
(1) at first release, G elf ( +1) = Go, (2) at crossing the hydrostat (i.e., at Sf = 0), Gelf(O) = G I , and (3) at reverse yield, G elf ( -1) = G 2 , with G 2 normally equal to O. Therefore, this is essentially a one-parameter model for the Bauschinger effect.
In addition, we found that for most materials, including aluminum, the model with G f = Go (i.e., no additional parameters) gave good agreement with experiment. This implies that for many materials the first aspect of the Bauschinger effect is small or absent. This conclusion is h . , A few other features must be added to specify the model completely. The path is independent of whether the initial load is tensile or compressive, in agreement with experiment. The effective shear modulus is never allowed to be less than the current slope of the work-hardening curve, as indicated qualitatively by the data. This ensures that reverse yield will be reached at reasonable strains, typically 4-10 times the elastic strain, at which point the Bauschinger release ends and the calculation returns to the normal constitutive model. Irreversibility is also maintained. Ifin the course of the Bauschinger path the strain rate is reversed, the shear modulus reverts to Go. Finally, a small plastic-strain threshold must be exceeded before the model becomes operational.
More detailed information on this model may be found in Ref. 
